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1. INTRODUCTION
w x  .In 4 , we introduced the notions of the absolute center L G and the
autocommutator subgroup G* of a group G, and proved the following
basic result:
 .  .1.1. THEOREM. If GrL G is finite then so are G* and Aut G .
Many natural questions now beg to be asked. The most obvious is
whether anything like a converse to Theorem 1.1 holds. We can give a
complete answer, as follows:
 .  .1.2. THEOREM. If G* and Aut G are both finite, then so is GrL G .
 .Howe¨er, there exists a group G for which G* is finite but GrL G is infinite.
 .Proof. First suppose that both G* and Aut G are finite. Let a g
 .   ..  .Aut G . Then G: C a is finite, since G* is finite. But L G sG
 .F C a , and since this is a finite intersection, it follows thata g AutG. G
 .GrL G is finite.
 .If one removes the hypothesis that Aut G be finite, the result breaks
w xdown. In 3 , Fournelle constructs, for every odd prime p, an infinite group
 .G for which Aut G is an uncountable elementary abelian p-group. For
 .these groups, one checks readily that G* is finite, but GrL G is infinite.
 .1.3. Remark. If G is finitely generated, and G* is finite, then Aut G
 .is clearly finite. So GrL G is also finite by our theorem. In fact, G is a
w xfinite central extension of a cyclic group, by Alperin's result 1 .
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The next issue is whether the result of Theorem 1.1 can be strength-
ened. Specifically, one can ask whether there exists any infinite group G
 .such that GrL G is finite. A definitive answer is contained in the
following result:
1.4. THEOREM. Let p be an odd prime. Then, for e¨ery n G 4, there exists
 .an infinite group G with GrL G elementary p-abelian of rank n.
w xProof. Again we refer the reader to the paper of Fournelle 3 . He
 .constructs, for every prime p, infinite groups G for which Aut G is
elementary p-abelian of finite rank. A straightforward analysis of these
groups, for p odd, yields our theorem.
We have been able to prove that if n s 1, 2, or 3, the above theorem is
false only the case n s 3 causes any problems}the proof is tedious
rather than difficult; it is therefore omitted, and may be obtained from the
.author if desired . It is also false for p s 2 and any n, as one may easily
 .show. In the nonabelian case, it is easy to see, for example, that if GrL G
is any dihedral group then G must be finite. However, we do not currently
possess any systematic treatment of the problem of determining those
 .finite groups K for which there exists an infinite G such that GrL G ( K,
even in the case where K is abelian. So for the remainder of the paper we
shall turn to discuss other problems.
2. MAIN RESULTS
The results of Sect. 1 may be tantalising, but not very rewarding. So let
 w x.us change focus. The following result is well known see, for example 2 :
2.1. THEOREM. Let K be any finite group. Then there are only finitely
 .many finite groups G such that Aut G ( K. Indeed, one can write down
explicitly a function g : N ª N such that the following holds: If p is any prime
1g h. h 2< < <  . <  .and G G p then Aut G G p . For example, one can take g h s h ,p p 6
for h G 13.
 .We shall now provide results similar to Theorem 2.1, with Aut G
 .  .replaced by either GrL G or G*. The case of GrL G is by far the
simplest:
2.2. THEOREM. Let K be a finite group. Then there are only finitely many
 .finite groups G for which GrL G ( K.
< <  .Proof. Let K s n and suppose G is finite with GrL G ( K. By
w x <  . <  .Theorem 2.1 of 4 , there is a function f : N ª N such that Aut G F f n .
This, combined with Theorem 2.1, yields the result.
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2.3. Remark. From this proof it is clear that, as in Theorem 2.1, one
could write down explicitly a function g : N ª N such that if G is finite
<  . < < <  .and GrL G F n, then G F g n . However, since the bound in Theo-
w xrem 2.1 of 4 seems extravagant, this g is unlikely to be the best possible
 .see Sect. 2.11 of this paper .
2.4 Remark. As is well known, the first part of Theorem 2.1 is false if
we allow G to be infinite. The same is true of Theorem 2.2 and indeed of
Theorem 2.5 below. Once again, the groups constructed in Fournelle's
w xpaper 3 illustrate all three of these facts.
We now turn to the main result of this paper.
2.5. THEOREM. Let K be a finite group. Then there are only finitely many
finite groups G for which G* ( K.
As the proof will show, this is essentially a result about p-groups. We
begin with five lemmas, which constitute the basic tools needed for the
proof.
2.6. LEMMA. Let K be any finite group, d ) 0 a fixed positi¨ e integer.
Then there are only finitely many d-generated finite groups G for which
G* ( K.
Proof. Suppose G is a d-generated finite group for which G* ( K. We
<  . <shall show that Aut G is bounded. This will immediately yield the
lemma, because of Theorem 2.1.
 .So let x , x , . . . , x generate G, and let f g Aut G . f is completely1 2 d
 y1 4ddetermined by specifying the set x x f of elements of G. But alli i is1
<  . <these elements lie in G*, by definition of the latter. So Aut G is certainly
 4bounded by the number of functions from the set 1, . . . , d ª K, i.e., by
< < dK . The lemma follows.
The following crucial result must surely appear in some form in the
literature, though I have not been able to locate it.
2.7 LEMMA. Let p be any prime, N any finite p-group. Let J denote the
class of all finite p-groups which possess a normal subgroup, which is
isomorphic to N, and such that the factor group is abelian. Then there exists
 .u g N independent of p such that the following holds:N
 .  .  .If G g J satisfies d GrN G u then C N rZ N contains a directN G
factor of GrN.
< < w bbq1.xr2  < <.Explicitly, we may take u s N , where b s log N .N p
 .Proof. This is essentially just the pigeonhole principle. Let G g J
 .and suppose d GrN G u , with u as above. Define a sequence N ofN N k
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subgroups of N as follows:
w x w xN s G, N ; N s G, N for k ) 0. 1 .0 k ky1
< < byk  4Since N = G9, we have that N F p for k - b and that N s 1 .k b
Also, we define a sequence C of positive integers, according to ther
following rule:
< < ry1C s 1; C s N .C for r ) 1. 2 .1 r ry1
 4Note that C s u . Now let x , . . . , x be a set of elements of G whichbq1 N i d
  ..  .generate G mod N d s d GrN . Since d N F b we can choose ele-
 4ments n , . . . , n of N which generate it. Fix any such choice. Now we1 b
 4have d functions a : 1, . . . , b ª N defined by1, j 0
w xa t s x , n 1 F j F d , 1 F t F b . 3 .  .  .1, j j t
< < b  4But there are certainly no more than N distinct functions from 1, . . . , b
 .  4to N . Since d GrN G C , there is a subset of S of 1, . . . , d such that0 bq1
 .  .S s C and a s a for all j, j9 g S pigeonhole principle! . Itb 1, j 1, j9
w y1 xfollows that x x , N : N for all j / j9 g S. In other words, there existsj j9 1
 4a set y , . . . , y of elements of G which are independent mod N,1 Cb w xgenerate a direct factor of G mod N, and satisfy y , N : N for j sj 1
 4  .1, . . . , C . Now we can define functions a : 1, . . . , b ª N j s 1, . . . , Cb 2, j 1 b
by
w xa t s y , n 4 .  .2, j j t
< < by1But there are certainly no more than N distinct functions from
 41, . . . ,b to N so, reasoning as above, we conclude that there exists a set1
 4z , . . . , z of elements of G which are independent mod N, generate a1 Cby 1 w xdirect factor of G mod N, and satisfy z , N : N for j s 1, . . . , C .j 2 by1
 4It is clear how this argument is going to proceed. Since N s 1 andb
C s 1 we will eventually be able to conclude that there exists w g G1
 . w xwhich generates a cyclic direct factor of G mod N and satisfies w, N s
1. This proves Lemma 2.7.
The following stronger result follows, with some care, from repeated
application of Lemma 2.7.
2.8. LEMMA. Let p, N, and J be as in Lemma 2.7. Then there is a
 .function f : N ª N, with f 1 s u , such that the following holds:N N N
 .  .If G g J satisfies d GrN G f i then there is a subgroup H of G withN
the following properties:
 .1 H > N.
 .  .2 H is generated mod N by elements of Z H .
 .3 HrN contains a direct factor of GrN of rank i.
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The next tool we require is a simple homological result, a proof of which
w xmay be found in 5, 17.1, Satz I .
2.9. LEMMA. Let G be any group and N a normal subgroup. Then the set
of automorphisms of G which centralize both N and GrN form a group which
1  ..is canonically isomorphic to Z GrN, Z N .
 .For the next lemma, p G denotes the set of primes dividing the order
<  . <of a finite group G and p G denotes the number of such primes.
2.10. LEMMA. Let K be a finite group and let J denote the class of finiteK
groups G such that G9 ( K. Then e¨ery G g J possesses a normal sub-K
group N with the following properties:
 .1 N is nilpotent and characteristic in G.
 .  . < < <  . <2 G : N is bounded by a function of K and p G only.
< <Proof. The proof is by induction on K . The result is trivial for
< < < <K s 1, so suppose it true for K - n. Now let K have order n and
consider G g J . If G is itself nilpotent we may take N s G. Otherwise,K
let N be the intersection of the normalizers of all Sylow p-subgroups of1
  ..  .G p g p G . Evidently, N is characteristic in G and G : N is bounded1 1
< < <  . <by some function of K and p G . But equally clearly one sees that
N l G9 is properly contained in G9. So we can apply our induction1
hypothesis, and the lemma follows immediately.
Proof of Theorem 2.5. We suppose that Theorem 2.5 is false for some
 .henceforth fixed finite group K, and we obtain a contradiction. In what
 .follows O G denotes the maximal normal p-subgroup of a finite groupp
G, where p is any set of primes. Since our theorem is false for K we can
find an infinite sequence G of finite groups such that GX ( K. Each G isn n n
 .  .a semidirect product of O G by an abelian p K 9-group, say A . But,p K . n n
 .  . for each n, Aut G is an extension of a p K -group namely,n
1 U  U .. .  .Z G rG , Z G , by Lemma 2.9 by a subgroup of Aut K . It follows,n n n
from Theorem 2.1, that the order of each A is bounded. So we can fix an
 .choice A of an abelian p K 9-group and suppose, without loss of general-
 .  .ity, that each G has p K -complement A. The point is that p G is nown n
 .the same for each n. To ease notation, write J for O G . Forn p K . n
 . p Up g p K we also write T for the subgroup of G generated by G andn n n
the p-part of G rGU. Combining Lemmas 2.6 and 2.10, we can nown n
 .conclude that, for some p g p K and K a p-subgroup of K, the0
following holds:
Without loss of generality, the sequence G may be chosen so thatn
 .  .1 p G is the same for all n.n
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 .2 Each J contains a characteristic p-subgroup P such that P ln n n
U  U .  .G ( K and d P rP l G G 2 f n , where f is the positive-integern 0 n n n K K0 0
valued function of Lemma 2.8.
 .  p U .  .  p .3 Also, d T rG G f n and T : P is the same for all n.n n K n n0
Since the factor group GrG* is abelian for any group G, we may apply
Lemma 2.8 to the groups P . A technical point arises here, which willn
become important later. So, for the moment, please just accept what I am
about to say.
For each n, we can list the invariants of P rP l GU and divide themn n n
 .into two disjoint subsets U and V , each containing at least f nn n K 0
numbers, such that no number in U is bigger than any number in V .n n
Then, by Lemma 2.8, there exists, for each n, a characteristic subgroup Hn
of P with the following properties:n
 . U1 H > P l G .n n n
 . U  .2 H is generated mod P l G by elements of Z H .n n n n
 . U U3 H rP l G is a direct factor of P rP l G of rank n.n n n n n n
 . U4 All the invariants of H rP l G come from the set U .n n n n
Now, for each n, fix the following notation:
A s Z P l GU , B s Z H , C s B rA , G s G rH . .  .n n n n n n n n n n n
5 .
Then we have a short exact sequence of G -modulesn
0 ª A ª B ª C ª 0 6 .n n n
and, hence, a long exact sequence of homology groups
0 ª H 0 G , A ª H 0 G , B ª H 0 G , C .  .  .n n n n n n
ª H 1 G , A ª H 1 G , B ª H 1 G , C ª H 2 G , A ª ??? . .  .  .  .n n n n n n n n
7 .
 . It follows easily, and in a purely formal manner, from 7 just write down
.what exactness means at each step and take it from there that
< 1 <H G , C 1 .n n1< <Z G , B G = .n n 0 0 2 /< < < < < <H G , C H G , A ? H G , A .  .  .n n n n n n
< 1 <? Z G , A . 8 .  .n n
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I claim that, for n sufficiently large, the bracketed term will be greater
1 .than 1. Admit this for the moment. Then, for some n, Z G , B /n n
1 .Z G , A . By Lemma 2.9, this is equivalent to the existence of ann n
automorphism a of G which centralizes both H and G rH , but notn n n n
G rP l GU. But this contradicts the very definition of GU.n n n n
So, in order to complete the proof of Theorem 2.5, it suffices to
 p U .establish our claim above. To simplify notation, let d s d T rG andn n n
d s d y n. First, for any n, simple recourse to the definitions givesn n
< 0 < < < < <H G , A F A F K , 9 .  .n n n
dn2 2 d2 n< < < < < <H G , A F A F K . 10 .  . .n n n
Next, we note that C is a trivial G -module since G* = G9 for any groupn n
. 1 .  . 0 .G . Hence, H G , C s Hom G , C and H G , C s C . It is heren n n n n n n
that the technical point referred to earlier becomes important. Property
 . 4 of the group H guarantees a fact of which one easily convincesn
. <  . < < <oneself that the quotient Hom G , C r C grows at least as rapidly, withn n n
increasing n, as pnd n.
 .Hence, the bracketed term in 8 grows at least as rapidly, with increas-
 n < < 2 .dning n, as p r K . Our claim follows immediately, and the proof of
Theorem 2.5 is complete.
 .2.11. OPEN PROBLEMS. a Using our proofs of Theorems 2.2 and 2.5,
one could compute explicit bounds for the order of a finite group G in terms of
<  . < < <GrL G and G* , respecti¨ ely. Howe¨er, these bounds will be ¨ery extra¨a-
gant. So it is a ¨alid question to ask for best possible, or e¨en reasonable,
bounds, like those gi¨ en in Theorem 2.1.
 .b Gi¨ e a systematic treatment of the problem, raised earlier, of determin-
ing those finite groups K for which there exists an infinite group G such that
 . GrL G ( K. More realistically, find the smallest such K Theorem 1.4
< < 4 .implies that K F 3 s 81 .
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